
CHAPTER 3

Computation of 2D and 3D High-order Discrete Orthogonal
Moments

José S. Rivera-Lopez, César Camacho-Bello, and Lucia
Gutiérrez-Lazcano

This chapter is about eliminating numerical instability and the error of high-order
orthogonal moments by reducing terms in existing recurrence relations and the Gram-
Smith orthonormalization process. Besides, the simplification of the terms of the
recurrence relations with respect to n of the most used kernels is analyzed, such as
Tchebycheff polynomials, Hahn polynomials, Krawtchouk polynomials, Charlier poly-
nomials, and Meixner polynomials. Also, to guarantee the effectiveness of the proposed
method, reconstructions of both 3D objects and high-resolution images are presented.
The results presented in this chapter will help you utilize moments for processing,
recognition, and analysis on 8K Full HD images and 3D objects with large dimensions.
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3.1 Introduction
In recent years there has been an increasing interest in the processing and recognition
of 3D objects and color images with high resolutions. In general, the kernel of the
moments is defined by the hypergeometric function, which uses operations that require
a higher degree of computational complexity. Also, the computation of high-order
orthogonal moments is limited by numerical instability, making it difficult to calculate
the moments, seriously affecting the quality of the image reconstruction. Mukundan
R. [11] uses the recurrence relation in the x-direction to reduce numerical instability
caused by the propagation of numerical errors based on the recurrence relation in the
n-direction. Moreover, Zhu, H. et al. [18] proposed a general form for obtaining
discrete orthogonal moments, which shows that the recurrence relations in x-direction
have better performance; unfortunately, they present numerical instability for orders
greater than 1000. In order to solve this problem, the recurrence relation in x and n
direction are used sequentially depending on the properties of each family of discrete
moments, as described for the Tchebichef moments [2], Charlier moments [1], and
Krawtchouk moments [10]. However, a problem encountered when computing high
order polynomials are the propagation of numerical errors when using any recursive
formula. A pivotal remedy to address this problem is the effective use of the recurrence
relation to achieving a certain degree of stability. Recently, Camacho-Bello and Rivera-
Lopez [4] proposed to remove the carry error to compute higher-order Tchebichef
polynomials using the Gram-Schmidt process and the recurrence relation with respect
to n. On the other hand, there are other works with a similar approach, such as Hahn
moments [15, 7], Charlier moments [9, 8], and Meixner moments [6].
This chapter presents the reduction of the number of operations for the recurrence

relation with respect to n of the different kernels of the discrete orthogonal moments
to reduce the numerical instability. This work analyzes the reduction of terms in the
recurrence relations with respect to n of the most used kernels, such as Tchebichef
polynomials, Hahn polynomials, Krawtchouk polynomials, Charlier polynomials, and
Meixner polynomials. Unlike the most current methods for calculating high-order
moments with the Gram-Smith orthonormalization process. Likewise, reconstructions
of both 3D objects and images with high resolution are presented to guarantee the
effectiveness of the proposed method; the Dragon from the Stanford repository [5]
with dimensions of 400 × 1000 × 500 voxels, and a collection of 12 images from the
TEST IMAGES database [3] to form an image of 9600 × 9600 pixels. The results
presented in this chapter will help utilize the moments for processing, recognition, and
analysis in 8K Full HD images and 3D objects with large dimensions. The presented
analysis help to have a better representation of some of the studied families of discrete
orthogonal moments.

3.2 Discrete Orthogonal Moments
Given an orthogonal basis in a finite-dimensional vector space, any element of said
vector space can be represented as a linear combination of the base. On the other
hand, the moments of a random sample are the expected values of specific functions
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that form a collection of descriptive measures that characterize a sample. Therefore,
from a discrete orthogonal base, different families of moments can be defined that
provide linearly independent characteristics of a sample. Moments can be calculated
as one-dimensional, two-dimensional, and three-dimensional, as shown below.
The set of one-dimensional orthogonal discrete moments of order n is defined as

follows:

φn =
N−1∑
x=0

∼
pn (x;N) f (x) (3.1)

where n = 0, 1, 2, ..., N and f(x) is a one-dimensional signal of size N .
The set of two-dimensional orthogonal discrete moments of orders (n,m) is defined

as follows :

φn.m =
N−1∑
x=0

M−1∑
y=0

∼
pn (x;N) ∼

pm (y;M) f (x, y) (3.2)

where n = 0, 1, 2, . . . , N − 1, m = 0, 1, 2, . . . ,M − 1, and f (x, y) it is a digital
image with size N ×M .

The computation of three-dimensional discrete orthogonal moments of order (n,m, k)
is defined as:

φn,m,k =
N−1∑
x=0

M−1∑
y=0

K−1∑
z=0

∼
pn(x;N)∼pm(y;M)∼pk(z;K)f(x, y, z) (3.3)

where n = 0, 1, 2, . . . N − 1, m = 0, 1, 2, . . . ,M − 1, k = 0, 1, 2, . . . ,K − 1, and
f (x, y, y) is a 3D object of size N ×M ×K.

It is essential to preserve the orthogonality condition of the orthogonal base of
the moments to guarantee that the moment characteristics of a signal, image, or
object are linearly independent and do not contain redundant information. The next
section shows a strategy for the kernel computation of moments that helps us preserve
orthogonality for any order.

3.3 Kernel Computation of Discrete Moments
The calculation of the high-order orthogonal polynomial base causes a numerical insta-
bility that makes it difficult to calculate the moments, seriously affecting the orthogo-
nality and the quality of the reconstruction. To solve this problem, Camacho-Bello and
Rivera-Lopez [4] use the Gram-Schmidt approximation to guarantee the orthogonality
of the polynomials calculated through the recurrence relation with respect to n. The
Gram-Schmidt orthonormalization process is an algorithm that constructs a set of or-
thonormal vectors, starting from a collection of linearly independent vectors of a vector
space, up to another set of orthonormal vectors that generates the same subspace,
developed by the mathematicians Jorgen Gram and Erhardt Schmidt [13]. By using
the Gram-Schmidt orthogonalization process during the calculation of the nucleus of
the moments, it allows us to solve the problem of numerical instability when using
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higher-order moments since the orthogonality property is not affected. On the other
hand, the kernel of the discrete moments is calculated using recurrence relationships,
which leads to the propagation and accumulation of numerical errors. In general, the
computation of classical orthogonal polynomials uses generalized recurrence relations
with respect to the order n. Zhu, H. et al. [18] propose a generalization of the cal-
culation of polynomials with respect to the order n of the classic discrete orthogonal
polynomials, which are defined as follows,

A ∗ ∼
pn(x) = B ∗D∼

pn−1(x) + C ∗ E∼
pn−2(x) (3.4)

where the coefficients A,B,C,D,E are considered as independent variables. One
strategy to decrease the spread of the accumulated error is to simplify the number of
operations of the terms of the recurrence relations. It is easy to algebraically reduce
the parameters of the Eq.(3.4), as follows,

∼
pn(x) = B ∗D ∗ ∼

p1(x) + C ∗ E ∗ ∼
p0(x)

A
, (3.5)

in this way, it is possible to carry out the operations of the terms B∗D
A , and C∗E

A to
simplify the recurrence relation of the discrete orthogonal polynomials. The reduction
is defined as follows,

An ∗
∼
pn(x) = Bn ∗

∼
p1(x)−An−1 ∗

∼
t 0(x). (3.6)

In the same way that the recurrence relation of three terms requires the polynomials
of zero-order ∼

p0(x) and first-order ∼
p1(x) to start the calculation. Taking into account

the problem of calculating discrete orthogonal polynomials through a recurrence re-
lation such as Eq. (3.4).The following subsections show a proposal to perform the
calculation of the Tchebichef, Krawtchouk, Hahn, Meixner, and Charlier polynomials
by simplifying operations such as the gamma function and factorials, in the same way
reducing operations algebraically and modifying the relationship of recurrence of Eq.
(3.4).

3.3.1 Tchebychef Polynomials

Thebichef polynomials were first used as a moments kernel by Mukundan et al. [12].
In the same way, the reduction of terms is performed for the polynomials Tcebychef
∼
tn(x;N)), using their values of A,B,C,D,E proposed by Zhu, H. et al [18],
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A = n

2(2n− 1) , (3.7)

B = x− N − 1
2 ,

C = − (n− 1)[N2 − (n− 1)2]
2(2n− 1) ,

D =

√
2n+ 1

(N2 − n2) (2n− 1) ,

E =

√
2n+ 1

(N2 − n2) [N2 − (n− 1)2](2n− 3) .

The first calculation simplification of B∗DA is given by,

B ∗D
A

=

(
x− N−1

2
)√ 2n+1

(N2−n2)(2n−1)
n

(2n−1)
, (3.8)

=
(2x−N + 1)

√
(2n+ 1)(2n− 1)

n
√

(N2 − n2)
.

The second simplification C∗E
A can see as,

C ∗ E
A

=

(
− (n−1)[N2−(n−1)2]

2(2n−1)

)√
2n+1

(N2−n2)[N2−(n−1)2](2n−3)
n

(2n−1)
, (3.9)

= −
(n− 1)

√
(N2 − (n− 1)2)(2n+ 1)

n
√

(N2 − n2)(2n− 3)
.

By substituting Eqs. (3.8) and (3.9) in the recurrence relation of Eq. (3.4) is
obtained,

∼
tn(x) =

(2x−N + 1)
√

(2n+ 1)(2n− 1)
n
√

(N2 − n2)
∼
t 1(x)− (3.10)

(n− 1)
√

(N2 − (n− 1)2)(2n+ 1)
n
√

(N2 − n2)(2n− 3)
∼
t 0(x),

and can be rewritten as follows,

n
√

(N2 − n2)
∼
tn(x) = (2x−N + 1)

√
(2n+ 1)(2n− 1)

∼
t 1(x)− (3.11)

(n− 1)
√

(N2 − (n− 1)2)(2n+ 1)√
2n− 3

∼
t 0(x).
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Algorithm 3.1 Tchebychef polynomials orthonormalization with the Gram-Schmidt
process.

1: Bn ← (2x−N + 1)
√

(2n+ 1)(2n− 1) ∀x = 0, 1, 2, . . . , N − 1
2: An−1 ← (n− 1)

√
[N2 − (n− 1)2]

3: t0 (x;N)← 1√
N

4: t1 (x;N)← (2x−N + 1)
√

3
(N(N2−1))

5: for n = 2 to N − 1 do
6: An ← n

√
N2 − n2

7: tn+1 (x;N)← Bn
An
tn (x;N)− An−1

An
tn−1 (x;N)

8: An−1 ← An
9: T (x;N)← tn+1 (x;N)

10: for k = 0 to n do
11: tn+1 (x;N)← tn+1 (x;N)−

[∑N−1
x=0 T (x;N) tk (x;N)

]
× tk (x;N)

12: end for

13: h←

√
N−1∑
x=0

[tn+1 (x;N)]2

14: tn+1 (x;N)← tn+1(x;N)
h

15: end for

Using the recurrence relation of Eq. (3.6) we obtain the values of An and Bn for
the calculation of the Thebichef polynomials from Eq. (3.11)

An = n
√

(N2 − n2), (3.12)

Bn = (2x−N + 1)
√

(2n+ 1)(2n− 1), (3.13)

Finally, the initial values
∼
t 0(x;N) and

∼
t 1(x;N) are given by,

∼
t 0(x;N) =

√
1
N
, (3.14)

∼
t 1(x;N) = (2x−N + 1)

√
3

(N(N2 − 1))

The calculation of the Tchebichef polynomials with the proposed recurrence relation
and the orthogonalization process is shown in Algorithm 3.1. In Fig. 3.1a shows the
graphical representation for high-order Tchebichef polynomial.

3.3.2 Krawtchouk Polynomials
Krawtchouk polynomials were introduced by Mikhail Krawtchouk and applied in the
image analysis by Yap et al. [16]. Krawtchouk moments are suitable for extracting
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local characteristics from any region of interest of an image by adjusting the parameter
p of the binomial distribution associated with the Krawtchouk polynomials. Similarly,
it is possible to carry out the same procedure for the reduction of terms of the discrete
orthogonal polynomials. Returning to the A − E values proposed by Zhu, H. et al.
[18] for the Krawtchouk polynomials

∼
kn(x; p,N),

A = n, (3.15)
B = x− n+ 1− p(N − 2n+ 2),
C = −p(1− p)(N − n+ 2),

D =
√

n

p(1− p)(N − n+ 1) ,

E =

√
n(n− 1)

(p(1− p))2(N − n+ 2)(N − n+ 1) .

Performing the simplification of B∗DA is given by

B ∗D
A

=
(x− n+ 1− p(N − 2n+ 2))

√
n

p(1−p)(N−n+1)

n
, (3.16)

= x− n+ 1− p(N − 2n+ 2)√
np(1− p)(N − n+ 1)

,

while that for,

C ∗ E
A

=
(−p(1− p)(N − n+ 2))

√
n(n−1)

(p(1−p))2(N−n+2)(N−n+1)

n
, (3.17)

= −

√
(N − n+ 2)(n− 1)
n(N − n+ 1) ,

By substituting Eqs. (3.16) and (3.17) in the recurrence relation of Eq. (3.4). The
reduced recurrence relation of the Krawtchouk polynomials is given by,

√
n(N − n+ 1)

∼
kn(x) = x− n+ 1− p(N − 2n+ 2)√

p(1− p)
∼
k1(x)− (3.18)

√
(N − n+ 2)(n− 1)

∼
k0(x),

as was done in Eq. (3.11), using the recurrence relation of Eq. (3.6) we obtain
the values of An and Bn for the calculation of the Krawtchouk polynomials from Eq.
(3.18)

An =
√
n, (3.19)
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Algorithm 3.2 Krawtchouk polynomials orthonormalization with the Gram-Schmidt
process.

1: An−1 ←
√
N

2: k1 (x;N)←
√

N !px(1−p)N−x

x!(N−x)!

3: k2 (x;N)← (−p(N − x) + x(1− p)) ∗
√

(N−1)!px−1(1−p)N−x−1

x!(N−x)!
4: for n = 2 to N − 1 do
5: An ←

√
n (N − n+ 1)

6: Bn ← x−n+1−p(N−2n+2)√
p(1−p)

∀x = 0, 1, 2, . . . , N − 1

7: kn+1 (x;N)← Bn
An
kn (x;N)− An−1

An
kn−1 (x;N)

8: An−1 ← An
9: K (x;N)← kn+1 (x;N)

10: for i = 0 to n do
11: kn+1 (x;N)← kn+1 (x;N)−

[∑N−1
x=0 K (x;N) ki (x;N)

]
× ti (x;N)

12: end for

13: h←

√
N−1∑
x=0

[kn+1 (x;N)]2

14: kn+1 (x;N)← kn+1(x;N)
h

15: end for

Bn = x− n+ 1− p(N − 2n+ 2)√
p(1− p)

, (3.20)

The initial values for
∼
k1(x) and

∼
k0(x) are given by,

∼
k0(x; p,N) =

√
N !px(1− p)N−x
x!(N − x)! , (3.21)

∼
k1(x; p,N) = (−p(N − x) + x(1− p)) ∗

√
(N − 1)!px−1(1− p)N−x−1

x!(N − x)! .

The calculation of the polynomials with the proposed recurrence relation and the
orthogonalization process are shown in Algorithm 3.2. Fig. 3.1b shows the graphical
representation for high-order Krawtchouk polynomials.

3.3.3 Hahn Polynomials
Hahn polynomials were defined by Wolfgang Hahn and used in the image analysis by
Zhou et al. [17]. This set of polynomials is associated with the negative hyperge-
ometric distribution and has two adjustable parameters a and b, which control the
shape of the polynomials. Similarly, the reduction of terms is carried out for the Hahn
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polynomials
∼
h

(a,b)

n (x;N), using the values of A − E proposed by Zhu, H. et al. [18]
defined as follows,

A = n

(a+ b+ 2n− 1) ∗
(a+ b+ n)
(a+ b+ 2n) , (3.22)

B = x− a−b+2N−2
4 − (b2−a2)(a+b+2N)

4(a+b+2n−2)(a+b+2n) ,

C = − (a+n−1)(b+n−1)
(a+b+2n−2) ∗ (a+b+N+n−1)(N−n+1)

(a+b+2n−1) ,

D =
√

n(a+b+n)(a+b+2n+1)
(N−n)(a+b+2n−1)(a+n)(b+n)(a+b+n+N) ,

E =

√
n(n−1)(a+b+n)

(a+n)(a+n−1)(b+n)(b+n−1)(N−n+1)(N−n)

∗
√

(a+b+n−1)(a+b+2n+1)
(a+b+2n−3)(a+b+n+N)(a+b+n+N−1)

.

Performing the simplification of B∗DA we have,

B ∗D
A

=
(
x− a− b+ 2n− 1

4 − (b2 − a2)(a+ b+ 2N)
4(a+ b+ 2n− 2)(a+ b+ 2n)

)
∗ (3.23)√

n(a+ b+ n)(a+ b+ 2n+ 1)
(N − n)(a+ n)(b+ n)(a+ b+ 2n− 1)(a+ b+ n+N)∗(

(a+ b+ 2n− 1)(a+ b+ 2n)
n(a+ b+ n)

)

=
(a+ b+ 2n)

√
(a+ b+ 2n− 1)(a+ b+ n+N)√

n(a+ b+ n)(N − n)(a+ n)(b+ n)(a+ b+ n+N)
∗(

x− a+ b+ 2n− 2
4 − (b2 − a2)(a+ b+ 2N)

4(a+ b+ 2n− 2)

)
,

while that for,
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C ∗ E
A

=
(
− (a+ n− 1)(b+ n− 1)(a+ b+N + n− 1)(N − n+ 1)

(a+ b+ 2n− 2)(a+ b+ 2n− 1)

)
∗ (3.24)√

n(n− 1)(a+ b+ n)
n(n− 1)(a+ n− 1)(b+ n)(b+ n− 1)(N − n− 1)(N − n)∗√

(a+ b+ n− 1)(a+ b+ 2n+ 1)
(a+ b+ 2n− 3)(a+ b+ n+N)(a+ b+ n+N − 1)∗(

(a+ b+ 2n− 1)(a+ b+ 2n)
n(a+ b+ n)

)

= −
(a+ b+ 2n)

√
(n− 1)(a+ b+ n− 1)(a+ n− 1)

(a+ b+ 2n− 2)
√
n(a+ b+ n)(a+ n)

∗√
(b+ n− 1)(N − n+ 1)(a+ b+N + n− 1)(a+ b+ 2n+ 1)√

(b+ n)(N − n)(a+ b+N + n)(a+ b+ 2n− 3)
,

Again substituting Eqs. (3.23) and (3.24) in the recurrence relation of Eq. (3.4)
and rewriting the equation,√

n(a+ b+ n)(a+ n)(b+ n)(N − n)(a+ b+N)
a+ b+ 2n

∼
h

(a,b)

n (x) (3.25)

= a− b+ 2n− 2
4 + (b2 − a2)(a+ b+ 2N)

4(a+ b+ 2n− 2)
∼
h

(a,b)

1 (x)−√
(n− 1)(a+ b+ n− 1)(a+ n− 1)

(a+ b+ 2n− 1) ∗√
(b+ n− 1)(N − n+ 1)(a+ b+N + n− 1)(a+ b+ 2n+ 1)√

(a+ b+ 2n− 3)
∼
h

(a,b)

0 (x).

The values of An and Bn for the calculation of Hahn’s polynomials from Eq. (3.25)
are given by,

An =
√
n(a+ b+ n)(a+ n)(b+ n)(N − n)(a+ b+N)

a+ b+ 2n , (3.26)

Bn = a− b+ 2n− 2
4 + (b2 − a2)(a+ b+ 2N)

4(a+ b+ 2n− 2) , (3.27)

The initial values for
∼
h

(a,b)

0 (x;N), and
∼
h

(a,b)

1 (x;N) are given by
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Algorithm 3.3 Hahn polynomials orthonormalization with the Gram-Schmidt process.

1: An−1 ←
√

(a+b+1)(a+1)(b+1)(N−1)(a+b+N)
a+b+2

2: h1 (x;N)←
√

(a+1)b(a+b+1)
(N−a)b+1

3: h2 (x;N)← (a+ b+ 2)x− (b+ 1) (N − 1)
√

a+b+3
(a+1)(b+1)(N−1)(N+a+b+1)

4: for n = 2 to N − 1 do
5: An ←

√
n(a+b+n)(a+n)(b+n)(N−n)(a+b+N)

a+b+2n

6: Bn ← a−b+2n−2
4 + (b2−a2)(a+b+2N)

4(a+b+2n−2) ∀x = 0, 1, 2, . . . , N − 1
7: hn+1 (x;N)← Bn

An
hn (x;N)− An−1

An
hn−1 (x;N)

8: An−1 ← An
9: H (x;N)← hn+1 (x;N)

10: for k = 0 to n do
11: hn+1 (x;N)← hn+1 (x;N)−

[∑N−1
x=0 H (x;N)hk (x;N)

]
× hk (x;N)

12: end for

13: l←

√
N−1∑
x=0

[hn+1 (x;N)]2

14: hn+1 (x;N)← hn+1(x;N)
l

15: end for

∼
h

(a,b)

0 (x;N) =

√
w(x)
d2

0
, (3.28)

∼
h

(a,b)

1 (x;N) = ((a+ b+ 2)x− (b+ 1)(N − 1))

√
w(x)
d2

0
,

The calculation of the Hahn polynomials with the proposed recurrence relation
and the orthogonalization process are shown in Algorithm 3.3. Fig. 3.1c shows the
graphical representation for high-order Hahn polynomial.

3.3.4 Meixner Polynomials

The set of Meixner polynomials proposed by Josef Meixner and applied in the analysis
of grayscale images by Zhu et al. [19]. In the same way, the reduction of terms is
carried out for the Meixner polynomials ∼

$
(β,µ)
n (x). Returning to the values of A−E

proposed by Zhu, H. et al. [18],
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A = µ

µ− 1 , (3.29)

B = x− xµ− n+ 1− µn+ µ− βµ
1− µ ,

C = (n− 1)(n− 2 + β)
1− µ ,

D =
√

µ

n(β + n− 1) ,

E =

√
µ2

n(n− 1)(β + n− 2)(β + n− 1) .

Performing the simplification of B∗DA , which is given by,

B ∗D
A

=
x−xµ−n+1−µn+µ−βµ

1−µ

√
µ

n(β+n−1)
µ
µ−1

, (3.30)

= −
(x− n+ 1 + µ(−x− n+ 1− β))√µ

µ
√
n(β + n− 1)

,

while that for,

C ∗ E
A

=
(n−1)(n−2+β)

1−µ

√
µ2

n(n−1)(β+n−2)(β+n−1)
µ
µ−1

, (3.31)

= −

√
(n− 1)(n− 2 + β)
n(β + n− 1) .

Substituting the Eqs. (3.30) and (3.31) in the recurrence relation of Eq. (3.4) and
rewriting the equation is obtained,

√
n(β + n− 1)∼$

(β,µ)
n (x) =

(x− n+ 1 + µ(−x− n+ 1− β))√µ
µ
√
n(β + n− 1)

∼
$

(β,µ)
1 (x) (3.32)

−

√
(n− 1)(n− 2 + β)
n(β + n− 1)

∼
$

(β,µ)
0 (x).

The values of An and Bn for the computation of the Meixner polynomials of Eq.
(3.32) are given as,

An =
√
n(β + n− 1), (3.33)



Computation of 2D and 3D High-order Discrete Orthogonal Moments 65

Algorithm 3.4 Meixner polynomials orthonormalization with the Gram-Schmidt pro-
cess.

1: An−1 ←
√
β

2: $1 (x;N)←
√

µx(β+x−1)!
x!(β−1)! (1− µ)β

3: $2 (x;N)← (β + x− x
µ ) ∗

√
µx(β+x−1)!
x!(β−1)!

µ(1−µ)β
β

4: for n = 2 to N − 1 do
5: An ←

√
n(β + n− 1)

6: Bn ←
(x−n+1+µ(−x−n+1−β))√µ

µ ∀x = 0, 1, 2, . . . , N − 1
7: $n+1 (x;N)← Bn

An
$n (x;N)− An−1

An
$n−1 (x;N)

8: An−1 ← An
9: Ω (x;N)← $n+1 (x;N)

10: for k = 0 to n do
11: $n+1 (x;N)← $n+1 (x;N)−

[∑N−1
x=0 Ω (x;N)$k (x;N)

]
×$k (x;N)

12: end for

13: h←

√
N−1∑
x=0

[$n+1 (x;N)]2

14: $n+1 (x;N)← $n+1(x;N)
h

15: end for

Bn =
(x− n+ 1 + µ(−x− n+ 1− β))√µ

µ
. (3.34)

Finally, the initial values ∼
$

(β,µ)
0 (x) and ∼

$
(β,µ)
1 (x) are defined as,

∼
$

(β,µ)
0 (x) =

√
w(x)
d2

0
=

√
µx(β + x− 1)!
x!(β − 1)! (1− µ)β , (3.35)

∼
$

(β,µ)
1 (x) = (β + x− x

µ
)

√
w(x)
d2

1
= (β + x− x

µ
) ∗√

µx(β + x− 1)!
x!(β − 1)!

µ(1− µ)β
β

.

The calculation of the Meixner polynomials with the proposed recurrence relation
and the orthogonalization process are shown in Algorithm 3.4. Fig. 3.1d shows the
graphical representation for a high order Meixner polynomials.

3.3.5 Charlier Polynomials
The Charlier polynomials are a set of infinite discrete orthogonal polynomials defined
by Carl Charlier and introduced in the image analysis by k. W. See et al. [14]. These



66 J.S. Rivera-Lope et al.

polynomials are associated with the Poisson distribution and have adjustable parame-
ters a1 that control the shape of the polynomials. In the same way, the reduction of
terms for the Charlier polynomials is carried out, using the values of A− E proposed
by Zhu, H. et al. [18],

A = −a1, (3.36)
B = x− n+ 1− a1,

C = n− 1,

D =
√
a1

n
,

E =

√
a2

1
n(n− 1) .

Performing the simplification of B∗DA is given by

B ∗D
A

=
(x− n+ 1− a1)

√
a1
n

−a1
, (3.37)

= −
(x− n+ 1− a1)√a1

a1
√
n

,

and C∗E
A is given by

C ∗ E
A

=
(n− 1)

√
a2

1
n(n−1)

−a1
, (3.38)

= −
√
n− 1√
n

.

Substituting the Eqs. (3.37), and (3.38) in the recurrence relation of Eq. (3.4)
rewriting the equation,

√
n
∼
C
a1

n (x) = −
(x− n+ 1− a1)√a1

a1
√
n

∼
C
a1

1 (x)−
√
n− 1√
n

∼
C
a1

0 (x). (3.39)

The values of An and Bn for the calculation of Charlier polynomials from Eq. (3.39)
are given as,

An =
√
n, (3.40)

Bn = −
(x− n+ 1− a1)√a1

a1
, (3.41)

Finally, the initial values
∼
C
a1

0 (x) and
∼
C
a1

1 (x) are defined by,
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Algorithm 3.5 Charlier polynomials orthonormalization with the Gram-Schmidt pro-
cess.

1: An−1 ← 1
2: c1 (x;N)←

√
e−a1ax1
x!

3: c2 (x;N)← a1−x
a1

√
e−a1ax+1

1
x!

4: for n = 2 to N − 1 do
5: An ←

√
n

6: Bn ← − (x−n+1)√a1
a1

∀x = 0, 1, 2, . . . , N − 1
7: cn+1 (x;N)← Bn

An
cn (x;N)− An−1

An
cn−1 (x;N)

8: An−1 ← An
9: C (x;N)← cn+1 (x;N)

10: for k = 0 to n do
11: cn+1 (x;N)← cn+1 (x;N)−

[∑N−1
x=0 C (x;N) ck (x;N)

]
× ck (x;N)

12: end for

13: h←

√
N−1∑
x=0

[cn+1 (x;N)]2

14: cn+1 (x;N)← cn+1(x;N)
h

15: end for

∼
C
a1

0 (x) =

√
w(x)
d2

0
=
√
e−a1ax1
x! , (3.42)

∼
C
a1

1 (x) = a1 − x
a1

√
w(x)
d2

1
= a1 − x

a1

√
e−a1ax+1

1
x! ,

The calculation of the Charlier polynomials with the proposed recurrence relation
and the orthogonalization process are shown in Algorithm 3.5. Fig. 3.1e shows the
graphical representation for high-order Charlier polynomials.
The source code of the proposed algorithms can be downloaded from the link.1

3.4 Large-size Images and Objects Reconstruction
Reconstruction is an inherent property of orthogonal moments, and they can charac-
terize an image with a small set of moments. Furthermore, they can be reconstructed
from a sufficiently large number of moments by the inverse transform. The recon-
structed discrete distribution of the image is given by

f̃ (x, y) =
N−1∑
n=0

M−1∑
m=0

∼
pn (x;N) ∼

pm (y;M)φn,m (3.43)

1 https://github.com/JSaulRivera/Computation-of-2D-and-3D-high-order-discrete-orthog
onal-moments.git

https://github.com/JSaulRivera/Computation-of-2D-and-3D-high-order-discrete-orthogonal-moments.git
https://github.com/JSaulRivera/Computation-of-2D-and-3D-high-order-discrete-orthogonal-moments.git
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(a) (b)

(c) (d)

(e)

Figure 3.1: Graph of different discrete orthogonal polynomials with n =
1, 2, 3, . . . , 1000. a) Tchebycheff, b) Krawtchouk (p = 0.5), c) Hahn
(a = 10, b = 10), d) Meixner (µ = 0.9, β = 50), and e) Charlier
(a1 = 500).
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where f̃ (x, y) is a reconstructed version of f (x, y). On the other hand, a three-
dimensional object

∼
f (x, y, z), can be reconstructed using the inverse transform of the

computation of 3D moments as follows,

∼
f (x, y, z) =

N−1∑
n=0

M−1∑
m=0

K−1∑
k=0

∼
pn(x;N)∼pm(y;M)∼pk(z;K)Φn,m,k (3.44)

where
∼
f (x, y, z), is the reconstruction obtained from f(x, y, z). Algorithms 3.1 - 3.5

are used to guarantee the orthogonality of the kernel of the high order moments, which
help to eliminate the accumulation of numerical error during the calculation of the high
order polynomials; This helps to improve rebuilding performance. To demonstrate the
effectiveness of the reduction of terms of the recurrence relations with respect to
the order n and of the process of orthogonalization of Gram-Schmidt of the different
families of classical orthogonal moments, the reconstruction of a composite FullHD
image was carried out by a collection of 12 images from the TEST IMAGES database
to form an image of 9600 × 9600 pixels [3] and the Dragon 3D from the Stanford
repository [5] with dimensions of 400× 1000× 500 voxels. Reconstruction results are
shown in Figs. 3.2 and 3.3 using different families of moments and orders.
One way to evaluate the efficiency of the moment calculation is by means of the

normalized image reconstruction error (NIRE) and it is defined as the normalized
squared error between the input image f(x, y) and the reconstructed image

∼
f (x, y)

expressed as:

NIRExy =
∑N−1
x=0

∑M−1
y=0 [f(x, y)−

∼
f (x, y)]2∑N−1

x=0
∑M−1
y=0 f2(x, y)

. (3.45)

Similarly, the normalized image reconstruction error for a 3D object is defined as,

NIRExyz =
∑N−1
x=0

∑M−1
y=0

∑K−1
z=0 [f(x, y, z)−

∼
f (x, y, z) ]2∑N−1

x=0
∑M−1
y=0

∑K−1
z=0 f2(x, y, z)

(3.46)

In Figs. 3.4 and 3.5 shows the graph of the error results obtained from the recon-
struction of the 2D image and 3D object used for each one of the families of discreet
moments.
The results of Figs. 3.2 and 3.3 show that when the order of reconstruction is

equal to the size of the image, the Reconstruction error is equal to zero; this ensures
that high-order discrete orthogonal polynomials satisfy the orthogonality condition.
Although the orthonormalization process is computationally time-consuming, the re-
sults show that it solves the problem of numerical instability for any high order. On
the other hand, they are currently conducting new research to improve the compu-
tation of discrete moments, such as the group by Sadiq H. Abdulhussain et al. [2],
which investigates new methods to take better advantage of the recurrence relationship
with respect to the variable x to reduce the numerical instability of classical discrete
orthogonal polynomials and computational time.
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Figure 3.2: Reconstruction and NIRExy of a FullHD image of size 9600×9600 pixels
with different families of classic discrete orthogonal moments.
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Figure 3.3: Reconstruction and NIRExyz of the Stanford Dragon of size 400×1000×
500 voxels with different families of classical discrete orthogonal moments.
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Figure 3.4: NIRExy of a FullHD image of size 9600 × 9600 pixels with different
families of classic discrete orthogonal moments.
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Figure 3.5: NIRExyz of the Stanford Dragon of size 400 × 1000 × 500 voxels with
different families of classical discrete orthogonal moments.
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3.5 Conclusions

This chapter analyzes the computation of different families of discrete orthogonal
moments for high orders. It also shows the simplification of terms of the recurrence
relations with respect to n proposed by Zhu et al. [18]. Also, the Gram-Shmit
orthonormalization eliminates the carry error of high-order computation. The results
of the reconstruction of images and 3D objects with large dimensions from different
types of discrete orthogonal moment families show the effectiveness of the proposed
method. Based on the proposal and the analysis presented, it can facilitate the study
of various applications that use high resolutions.
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